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Abstract. 

The contributions to the g — 2 of the muon from some tenth-order (five-loop) graphs 
containing one-loop and two-loop vacuum polarization insertions have been evaluated 
analytically in QED perturbation theory, expanding the results in the ratio of the electron 
to muon mass (m e /m M ). Some results contain also terms known only in numerical form. 
Our results agree with the renormalization group results already existing in the literature. 
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In this work we have calculated in analytical form the contributions to the muon 
g-2 from the five-loop graphs obtained inserting one-loop and two-loop vacuum polar- 
izations on a single photon line of the second-order and fourth-order vertex graphs; the 
considered graphs are shown in figs.l and 2. Following the method used in previous 
calculations of the contributions of three-loop and four-loop graphs containing vacuum 
polarizations [1] [2] , we found it convenient to express the results expanding them in the 
ratio of the electron and muon masses (m e /m M ). Due to the length of the expressions of 
the coefficients of the high power terms, we will list them only up to (m e /m M ). 

The analytical expressions of the contributions to the muon anomaly of the graphs 
shown in figs.l and 2, accounting for the proper multiplicity factors, are (r = m e /m M ): 
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The constants /?2, /?4 and Q12 come from the values of the polylogarithmic functions 



Li4W = -^C(4) + ^4 



and 



Eq.(8)-(10) and eq.(12)-(14) contain also six different combinations Ui of several 

integrals with transcendentality six containing products of logarithms, dilogarithms and 

trilogarithms which we were unable to calculate in analytical form; an example of such in- 
f 1 dx 

tegrals is / -Li 3 (a;)Li2(— x). We have calculated them by using numerical methods 
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to high precision: 



1.833 055 809 327... 



U 2 



-8.520 012 033 995... 



U 3 



0.722 470 399 216... 



U 4 



15.183 055 006 269... 



U 5 



18.086 098 879 723... 



U 6 



42.269 128 989 300... 



We expect that these combinations of integrals can be expressed in analytical form 
using the transcendentality-six constants, C(6), C 2 (3), In 6 2, ae, £(5)ln2, etc.. 1 , in 
analogy with similar integrals with transcendentality five. 

The calculation of the contribution of the graph of Fig. 2(e) involves many groups 
of integrals with transcendentality six and seven, and we were unable to complete it in 
analytical form without the knowledge of the explicit analytical value of these integrals. 
The contribution of this graph will be given later in numerical form. 

The expansions in (m e /m M ) eqs.(l)-(16) present some features already found in the 
expressions of the three-loop and four-loop contributions to the muon g-2 [1] [2] : 

1) The expression of the contributions of the graphs containing only electron loops 
(eq.(l), (5), (10), (12) and (15)) have a linear (m e /m M ) term 2 . The coefficients of these 
terms are constant, being numerically respectively -4.74, -18.00, -20.38, 3.20, -2.81. As 
we expected, these numerical values are larger than those found in four-loop calculations 
[2]. The (m e /m M ) expansions of the contributions of the other graphs containing also 
muon loops begin with the (m e /m M ) 2 term. 

2) The coefficients of the expansions in (m e /m M ) of the contributions of the graphs 
containing only electron loops contain high powers of ln(m M /m e ). As an example, in 
table 1 we have listed the numerical values and the maximum power of \n{m^/m e ) of 

160 

1 We found that the numerical value of U$ coincides with that of -^-£(6) for at least 

the first 28 significant figures. 

2 At present only the analytical expression of the contribution of the three-loop light- 
light graphs it is known to contain a term proportional to (m e /m M ) ln(m M /m e ). 
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the coefficients of the powers of (m e /m M ) of eq.(5). We found that the coefficients of the 
even powers have the maximum power of ln(m M /m e ) equal or greater than the maximum 
power of the zero order coefficient; the coefficient of (m e /m M ) 4 contains the highest power 
of ln(m M /m e ). The coefficients of the odd powers (greater than one) contain at most a 
m(m M /m e ) term. The same behaviour of the coefficients of the expansions was found 
even in all similar sixth- and eighth-order contributions [1][2]; this observation could 
be useful in the analytical calculations of the contributions of other high-order graphs 
containing only electron loops in order to estimate the magnitude of the uncalculated 
terms of the expansions in (m e /m M ). 

3) At the five-loop level new transcendental constants, j3± and Q12, appear in the 
coefficient of the (m e /m M ) term of the expression of the contribution of the graph of 
Fig.l(j), containing a double insertion of a fourth-order vacuum polarization on a second 
order vertex graph; in analogous way, the odd power it 3 and the constant 02 appeared 
at the three-loop level [1] and four-loop level [2] respectively. This fact remarks that the 
not leading terms of the contribution of the graph of Fig.l(j) cannot be worked out from 
the not leading terms of simpler graphs, whereas the leading ones can be easily deduced 
using the renormalization group equations [3]. 

We have compared our results with the renormalization-group results of ref. [3] . The 
leading terms of our eq.(l) and (5) agree respectively with eq.(35) and (32) of ref. [3] 
The logarithmic and constant terms of our eq.(10) agree with eq.(25) of ref. [3], except 
that our expression contains the unknown transcendentality-six constant U3, whereas 
the expression of ref. [3] contains the analytical term £ 2 (3)/2; these terms are in perfect 
numerical agreement, so that the analytical expression of Us can be inferred. 

In table 2 we have listed the numerical values of eqs.(l)-(16) obtained using the 
experimental value [4] (m M /m e ) = 206.768262(30) and taking into account the (not 
shown) terms up to (m e /m M ) 4 . The value of the contribution of the graph of Fig. 2(e) 
has been worked out evaluating numerically the one-dimensional integral obtained using 
the dispersive representation for the vacuum polarization [2]. 

As expected, the graphs containing muon loops give contributions substantially 
smaller than those containing only electron loops. The sum of the numerical values of 
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the three graphs of fig.l calculated using the renormalization group technique in ref.[3] 
has a rather large value, about 52. On the contrary the sum of all contributions of fig.l 
and 2 shows a strong cancellation, the numerical value being 



a 



jP[fig.l + 2] = -1.261 574(2) . 



(18) 



This fact is due to the cancellation between the positive contributions of the graphs of 
fig.l containing vacuum polarization insertion on the second-order vertex graph and the 
negative contributions of the graphs of fig. 2 containing vacuum polarization insertions 
on fourth-order vertex graphs. We found a similar behaviour at the four-loop level, even 
if in that case the cancellation was less marked [2]. Finally, eq.(18) turns out to be much 
smaller than the estimate of the total tenth-order contribution [5] 



All the algebraic manipulations were carried out through the symbolic manipulation 
program ASHMEDAI [6]. 



a 



(f) = 570(140) . 



(19) 



9 



References 



[1] S.Laporta, Nuovo Cimento ,4,106, (1993) 675. 
[2] S.Laporta, Phys.Lett. B312, (1993) 495. 
[3] A.L.Kataev, Phys.Lett. B284, (1992) 401. 

[4] E. R. Cohen and B. N. Taylor, Rev. Mod. Phys., 59, (1987) 1121. 
[5] T.Kinoshita and W.B.Lindquist, Phys. Rev. D 41, (1990) 593; 

T.Kinoshita and W.Marciano in Quantum Electrodynamics, edited by T.Kinoshita 

(World Scientific, Singapore, 1990), p.419. 
[6] M. J. Levine, U.S. AEC Report No. CAR-882-25 (1971) (unpublished). 



10 



Figure captions 



Fig.l: Tenth-order vertex graph obtained with insertions of second- and fourth-order 
vacuum polarization subdiagrams on the second-order vertex graph. 
Fig. 2: Examples of tenth-order vertex graph obtained with insertions of second- and 
fourth-order vacuum polarization subdiagrams on the fourth-order vertex graphs. 
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TABLE 1: The numerical values and the maximum power of ln(m M /m e ) of the coefficients 
of the expansion in (m e /m M ) of the contribution of the graph of Fig. 1(e). 



n 


Coefficient of 

{m e / m^) 


Maximum power 
oi m^m^/ //i e ) 





27.71 


3 


1 


-18.00 





2 


2493.30 


4 


3 


154.49 





4 


-34783.30 


5 


r; 


^ Q1 
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6 


452.06 


4 
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11.93 
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-3859.59 
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3.15 





10 


-1346.48 


4 
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TABLE 2: The numerical values of the contributions to ' of the graphs of figs.l and 
2. 



Figure 


(5) 

Contribution to a/t 


1(a) 


20.142 811(3) 


1(b) 


2.203 327 2(2) 


1(c) 


0.206 959 08(1) 


1(d) 


0.013 875 908 8(3) 


1(e) 


27.690 059 (3) 


1(f) 


1.166 152 15(6) 


1(g) 


0.031 814 813 1(6) 


1(h) 


1.614 350 1(1) 


l(i) 


0.164 714 747(4) 


10) 


4.742 149 1(2) 


l(k) 


0.399 245 484(8) 


2(a) 


- 28.429 744 (2) 


2(b) 


- 6.792 291 9(3) 


2(c) 


- 0.952 823 49(2) 


2(d) 


- 19.042 323 (1) 


2(e) 


- 3.131 386 2(1) 


2(f) 


- 1.288 464 12(2) 


1 + 2 


- 1.261 574(2) 
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